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Abstract 

Transforming from one reference frame to another yields an equivalent physical de- 
scription. If quantum fields are transformed one way and quantum states transformed 
a different way then the physics changes. We show how to use the resulting changed 
physical description to obtain the equations of motion of charged, massive particles 
in electromagnetic and gravitational fields. The derivation is based entirely on special 
relativity and quantum mechanics. 
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1 Introduction 

The principle of relativity and the principles of quantum mechanics can be combined to 
determine fundamental aspects of the quantum theory of fields.pl] The work here contin- 
ues that point of view with another way of using the symmetry transformations of special 
relativity. 

Briefly stated, the principle of relativity maintains that transforming the vectors, spinors, 
and tensors of a given physical situation to a new reference frame results in an equivalent 
description of the physical situation. The key is that all physical quantities are to be trans- 
formed. 
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Obversely, if quantities are transformed, some one way and others differently, then the 
physical description is not equivalent to the original. This can be useful. The process 
is 'scattering', separating spacetime transformations so that different quantities go off in 
different directions. 

We work in a flat spacetime (x, rj) with coordinates x a and metric r) a p, where a, (3 G 
{1, 2, 3, 4} with 4 = t being time. When needed we use 77 = diag{+l, +1, +1, —1}. 

The particle fields and states are for a single species of particles with mass m. Any particle 
momentum p is a four- vector that, by a Poincare transformation, can be transformed to k = 
{0, 0, 0, m} in the 'rest frame'. Since spacetime scalar products are preserved under Poincare 
transformations, we have 

7] a/3 p a p p = -m 2 , (1 : Mass) (1) 

where repeated indices are summed. 

We base our work on a derivation from the above mentioned quantum theory of fields. [TJ 
The derivation of the quantum field transforms both the field and the states by a Poincare 
transformation, which is a combination of rotations, boosts, and translations connected to 
the identity. 

With scattering, a different transformation is applied to the field than the one applied 
to the states. The standard calculation is then followed closely. Among the results, the 
generalization puts an arbitrary tensor field A(x) in the various phases. For momentum p, 
instead of phase = p ■ x = r] a ^p a x 13 , we get the phase Q = p ■ Ax = r] a /3p a A^x^ , where x M 
are spacetime coordinates. 

Choosing to apply a method we can work with, we seek paths of extreme phase. Over 
a short interval Sx, let the extreme phase change be 5Q = —m5T, which defines r. Calculus 
shows that extreme phase change requires that momentum p and A5x are in the same 
direction. We find 

p a = mA^X^ , (2 : Extreme phase) 

where upper case 5X indicates an interval along a path of extreme phase, 5X^ = Sx^ xtveme . 
The path is a function of r, written X(r), and the dot indicates the derivative with respect to 
r, X M = dXj dr. The curves are defined in overlapping coordinate patches with A" effectively 
constant in each patch. 

A second application of scattering transformations occurs with the particle paths. One 
way to move particles from one place to another is to translate them. If all particles and 
fields are translated by the same amount, no significant change occurs. But if we scatter 
translations, just one particle species field can be translated independent of the translations 
of other fields. 

Translating the particle species field includes translating particle momentum. Commonly, 
translating a vector is thought to leave the vector unchanged. But this is not the general 
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case. From the study of first order relativistic wave equations like Dirac's only with different 
spin, the mathematics behind non-trivial translations of vectors is well known. [21 |3] One 
finds that to get momentum matrices that generate nontrivial translations of vectors, in 
general one must combine the vector with a second rank tensor T7^ making a 4 + 16 = 20 
component quantity. [U [5] 

We assume the particle's momentum along each path of extreme phase is a parallel trans- 
lated four-vector. In this way the change due to translation is acknowledged and canceled. 
Parallel translation of the momentum p a (r) along a path X(t) is shown in Sec. 3 to imply 
that 



where T aa is a homogeneous function of . 

The above displayed equations, i.e. mass, extreme phase and parallel translation, are 
the basis from which the rest follows. Except that it is at first convenient and later on 
necessary to restrict the tensor field A to the collection of all fields of local transformations 
from coordinates x to some local coordinates £, 



The first occurrence of local coordinates puts the quantum phase in the convenient form 5® 
= p ■ 5£. Near the end of the article A must be a field of transformations for the Christoffel 
connection to appear. 

The first two equations displayed above lead to an arbitrary metric g^ v dependent on the 
arbitrary tensor A. We call the combination (x,g) a 'curved spacetime' since in general g 
has non- vanishing curvature. The same coordinates x are used in the flat spacetime (x, rj) 
and the curved spacetime (x, g). 

We show that r is the proper time, the time for a particle at rest in the convenient 
local coordinates £. Having local coordinates £ also implies that the metric g is locally 
Lorentzian, an important ingredient in producing general relativity. In this context the local 
transformation field, A" = d^ a /dx^, is known as a tetrad or vierbein.^\ 

Next include parallel translation, the third displayed equation above. This produces a 
semi-classical equation of motion for the path X(t), 



P a = V^T aa X 



(3 : Parallel translation) 



.4' 



(4 : Local coordinates) 




V 



(Result : Equation of motion) 



The equation is second order, with X a homogeneous quadratic function of the first deriva- 
tives X. The equation of motion needs some interpretation. 
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The interpretation of the equation of motion begins by considering special cases. Let A 
be trivial, A° = 8". Then the derivative of p-p = — m 2 , (DO) above, with respect to r together 
with the equation of motion show that the tensor T must be antisymmetric, T aa = —T aa . In 
this case the equation of motion reduces to the equation for the path of a particle of charge 
q in an electromagnetic field F, where mX a = ri ai [r aa X^ = rj afJi qF ao . We identify the 
electromagnetic field F by its antisymmetry and its relation to velocity X and acceleration 
X. 

As a second special case assume the electromagnetic field of the first case vanishes, i.e. 
rpaa _ qpacr _ q n OWj tn e equation of motion implies that the curve X^{r) is a geodesic of 
the metric g^ v because the quantity A^ 1 u dA^/dx x is shown to be the Christoffel connection 
C of g^ v . It is necessary to have A be a field of transformations to local coordinates £ to 
show that the above quantity is the Christoffel connection C of the metric g. 

In the local coordinate system and continuing with the case T = 0, the equation of 
motion is free fall, S Q = 0, where S(r) is the path of extreme phase X(t) transformed to 
the £ coordinate system. Thus we deduce one form of the Principle of Equivalence: In the 
absence of non-gravitational forces, i.e. T = F = 0, there exists a local inertial coordinate 
system £ a in which the particle falls freely. The particle moves along a straight line at 
constant speed in the free fall coordinate system. 

Finally, as suggested by the special cases, we show that the equation of motion in general 
describes a charged massive particle in an electromagnetic field F that is related to T and 
the gravitational field of the metric g, which is a function of A. Thus we show that the 
equation of motion derived here is the equation for the motion of a massive, charged particle 
in general relativity, 

ml" = qg a ^F vu X^ - mC^X x X tl . (Result : Equation of motion) 

Comparing this way to other ways to deduce the motion of particles in electromagnetic 
and gravitational fields, the derivation here relies entirely on the principles of special rel- 
ativity and quantum mechanics. We take from the literature the deduction of quantum 
fields from special relativity and quantum mechanics, in a process that we modify. While 
we include parallel translations, we do not pick and choose from the infinite variety of gauge 
groups; the transformations here are the rotations, boosts, and translations of the Poincare 
group of symmetries in flat spacetime. We do not assume the Principle of Equivalence; we 
derive it. No Lagrangian, Hamiltonian, or action principles are introduced. Such consider- 
ations and methods with more rigor and less intuition than seeking paths of extreme phase 
may be discussed elsewhere. 



2 FIELD AND STATE 



5 



2 Field and State 

In this section, we derive some of the properties of the quantum field of a particle species. 
We follow Weinberg closely. [T] The differences with Weinberg involve the transformations 
of states and fields. First, we allow fields to be transformed by complete Poincare trans- 
formations including translations, a generalization of convention. We do not agree that 
fields must be translation invariants. [7] Secondly, we transform the fields with a different 
Poincare transformation than is applied to the states, not just a different rep, but a different 
transformation. 

The quantum field ipi (x) for a species of particles of mass m and spin j is constructed as 
a linear combination of annihilation and creation operators, ipi(x) = Ktpi(x) + fiipf(x). One 
has an annihilation field ip + and a creation field ip~ given by 

^t( x ) = J2 d3 p ~f) a * < ct) » 

cr J 

= E f d3 P fWAf) , (2) 

a J 

where a a (J^) and aj.("p") are operators that remove or add an eigenstate of momentum ~$ 
and spin component cr. The time component of momentum, i.e. energy, is determined by 



the mass, p t = \Jm 2 — "p" 2 . Since the fields are linear combinations of operators, quantum 
fields are also operators. We reserve the term 'operator' for the annihilation and creation 
operators a and aL 

The coefficient functions u and v can be determined from the ways quantities in (121) 
transform under Poincare transformations to a new spacetime reference frame: (i) the op- 
erators a and a) transform with a unitary representation (rep), (ii) the coefficients u and v 
are required to be invariant and (in) the quantum field transforms by a nonunitary rep. 

We part company with Weinberg by scattering the spacetime transformations of fields 
and states. The field undergoes a Poincare transformation in one reference frame while the 
states and operators are transformed in a different frame, the frames related by a Lorentz 
transformation A. Call the coordinates x for the field frame and xs for the state frame and 
let A be a Lorentz transformation applied to the fields and As be the transformation applied 
to the states. We have 

x = Xxs and A = \As\~ 1 , (3) 

where S indicates 'States'. The equivalence relation between As and A means that they are 
the same transformation in different frames. Upon transformation we have x' = Ax = \x' s . 

While the Lorentz transformations of fields and operators are equivalent, we allow dif- 
ferent displacements, b and 65. We assume the displacement for the operators and states 
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depends on the Lorentz transformation A, the event x, and the displacement of the field b. 

b s = b s (A,x,b), (4) 

Then the field if} is Poincare transformed by (A, b) when the operators a and a' (and 
states) are transformed by (A5, 65). Here, the notation (A, b) indicates a Lorentz transfor- 
mation A (rotations, boosts) followed by a translation through a displacement b. 

The operators transform just like single-particle states, so we often speak of transforming 
states rather than operators. In the Introduction and often elsewhere, we speak of trans- 
forming states. In practice we transform the annihilation and creation operators. 

The transformation of the operators is unitary and is written U(As,bs). By the well- 
known transformation rule for operators, see [1] for details, we have 

U(As,bs)^(x)U-\A s ,b s ) = 

£ / d 3 p u la (x, f)e^P-bs^ji^l J- DSfl^MA^) , (5) 

where p-x = i] a f3p a xP is the spacetime scalar product, D^' is a spin j unitary representation 
of rotations, W(Ag, p) is the rotation, k — > p — >■ Asp — > k and k = {0, 0, 0, m}. Note that 
by (ii) above, the coefficients u remain invariant. 

The expression for ip~ differs from the expression for ip + only by v for u, —i for i, and 
DU> f or it makes no sense here to write expressions for both; henceforth we consider 
ip + . The discussion is similar for except for some special considerations with D^*, see 
[T] for details. 

The unitary transformation U(As,bs) is required to have the effect of (Hi) a nonuni- 
tary transformation on the fields. (Technically, the reps for rotations can be both finite 
dimensional and unitary, but the reps of boosts must be nonunitary when finite dimensional 
because boosts are not compact. [T],p. 231) One requires that 

U(A s ,bsW(x)U- 1 (A s ,b s ) = J2D; I 1 (A,b)^(Ax + b), (6) 

1 

where Ax + b are the transformed coordinates of the event x and D(A, b) is the nonunitary 
matrix representing the Poincare transformation (A, b). The matrix D t i(A, b) corresponds to 
the spin of the field ip. 

The translation part of Dg(A, b) is trivial unless the spin of the field ip is reducible and its 
spin composition contain 'linked' reps. In standard notation, the spin is (A, B)(B(C, D)(B - ■ ■ , 
where A, B, C, D are integers or half integers. For example, (A, B) and (C, D) are linked 
when (C,D) = (A± 1/2, B± 1/2). The Dirac spinor, spin (1/2, 0) © (0, 1/2), has linked reps. 
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To find (j2J), we consider the operators as known and solve (J2J), ©, © for u(x, By 
(J2J), we can write (JBJ) as a sum and integral over operators, transform the dummy variables 
p to A$p, and equate integrands. We get 



ei[A8P) ' bs ]J T^py AKA, 6K(x, 7t) = u»(A* + 6, A^)i^(W(A., ^) , (7) 

where the D^ and D have changed sides. In this equation with A = 1 and b = — x, we have 
Ax + b = 0. Then we can put A = 1, with x = Ax + b and b = —Ax — b, so that again we 
have Ax + b = 0. Drop the tildes. Substituting both of these back in (J7j), we get 

e +iAp-[6s(A,x,6)-A6 lS .(l,x,-a;)+6 l s(l,Aa;+6,-Aa:-6)] ^ Dff(A, 0)uf (0, = 



'(Ap) 



, ^uU0,Ap)D { £(W(A s ,p)). (8) 

V p a 

The exponent on the left shows the derivation history with A = 1 and b = —x, etc. as the 
parameters in the displacement b$(A, x, b). 

We have written ([8]) so that the right-hand-side does not depend on the coordinates x. 
Nor does it depend on the displacement b. 

Since x and b occur only on the left in ([8]) and there only in the displacement function 
bs, one seeks a suitable function 6s(A, x, b) such that the expression in brackets in the phase 
on the left in (jBJ) doesn't depend on x or b. One can show that bs(A,x,b) must be in the 
following form, 

6g(A, x, 6) = 6g(A) - A£L4(x)]X + [A(Ax + 6)]£(Ax + &)" , (9) 

where A(x) is an arbitrary second rank tensor field. For simplicity, we drop the x— and 
b— independent displacement, 65(A) = 0. Note that one recovers bs — b when the field A is 
the identity, A% = 5%, where 5 is one for equal indices and zero otherwise. Also, 65 is not 
local; it depends on the values of the field A at both x and Ax + b. 

By (|7j), flBD, ©, one finds expressions for the coefficients u and v in terms of the coefficients 
at the origin with the momentum of a particle at rest, 



u la (x,f) = J- t e^Y,Du(L,x)u Ia (0,t). (10) 

I 



To get to the rest frame momentum — , i.e. p = k = {0,0, 0,m}, we considered (J7D 
with p = k and with A a transformation taking k to p' so that W(As, = 1. Drop the 
primes. For details see [Tj, p. 195. 
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The expression ( fTOl) and the similar one for vi a (x,~$) along with Eq. (j2J) for ip + and 
determine many fundamental aspects of the quantum field ipi{x) = Kifjf(x) + fitpf(x). 

Further developments are not needed here; see Ref. [1]. 

We take the phases ±p ■ Ax of the coefficients Ui a (x, p) and Vi a (x, p) to be the phases 

of a particle and its antiparticle when it has momentum p. Let us consider just the phase 

with a positive sign. 

The tensor field A is shown below to be related to the gravitational field. Many tests 
of quantum field theory occur in a slowly varying gravitational field. And in the tested 
calculations, the phases of the quantum fields are p ■ x, not p ■ Ax. 

We can get local coordinates £ such that the phase p- Ax — p-£, if A is the transformation 



<9£ c 

A® = -^—^ . (Local coordinates) (11) 



Not all tensor fields allow such an interpretation. The second order partials must commute, 
d 2 £ a jdx x dx> x = d 2 i a /dx>*dx x J or 

*£ = M. da) 

dx x dx u 

These are the integrability conditions so that the field A can be a field of transformations. 

Consider a neighborhood of the event xo, x = x® + 5x. Then the neighborhood of xq is 
mapped into a neighborhood of £o = Axq, by 

f = A^ = AXo + A«5x» = ^ + = ^ + 5^ . (13) 

The existence of local coordinates is supported by the successes of quantum field theory. 

Now we find timelike paths with extreme phase. Let us consider intervals 5x so short 
that A varies negligibly along 5x. Below we consider parallel translation of momentum, so p 
can change also. Assume p is effectively constant along 5x. Then the change in the phase 
associated with a particle of momentum p is 

5Q = p ■ A5x = f] aP p a A^ 

over such a displacement Sx. 

Let the extreme phase shift be 5@ cx trcmc = —itl5t, which defines r. By calculus, one finds 
that the extreme phase shift occurs when A5x is proportional to p, 

^^xtreme = = , (extreme 5Q) (14) 



where upper case X, as in 5X, is used with displacements 5x extreme that make 5Q extreme. 
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Continuing we can connect the 5X with a second 5X, perhaps for slightly different A 
and p. In this way we form a curve X(r), with A®(t) and p a (r) the values of A and p along 
the curve X(t). 

Indicating the derivative with respect to r with a dot, 

X = dX/dr , 

(CTJJ becomes 

p a = mA^X^ . (Extreme phase) (15) 

This equation relates the particle momentum p to the tangent X of the path for extreme 
phase. 

By (ITT]) , when A is a transformation to local coordinates £, the curve X(t) transforms 
to a curve S(r) of extreme phase in coordinates £. It follows that p a = mS. Just as with x 
and X, the path of extreme phase in coordinates £ lowercase is labeled with the uppercase 
S(t). ' 

Next we consider parallel translation of the momentum which is why the momentum 
changes along the path X(r). 



3 Parallel translations 

Translations of quantities with components, like wave functions ipj an d four- vectors v a , are 
generated by momentum matrices. Do not confuse momentum matrices which are generators 
with particle momenta which are eigenvalues of eigenstates. Momentum matrices are special 
cases of 'vector matrices', in particular momentum matrices commute to satisfy the Poincare 
algebra. Famous vector matrices include the Dirac gamma matrices 7?- that combined with 
a partial derivative and a four-spinor make up the Dirac equation, j^d a i/;j = — m/0j.[S] The 
partial derivative transforms as a four-vector, spin (1/2,1/2), and the four-spinor transforms 
with spin (1/2, 0) © (0, 1/2), which is a reducible representation. 

Since the Dirac equation first appeared, people have investigated first order relativistic 
wave equations with the same form as the Dirac equation. [21 E] Among the results of this 
work, it is found that to translate a four- vector such as the particle momentum p a , we must 
combine the particle momentum's irreducible rep spin (A,B) = (1/2, 1/2) with a choice of 
linked reps with spin (C, D) = (1/2 ± 1/2, 1/2 ± 1/2) = (0,0), (1,0), (0,1), (1,1). These 
four choices are the spin composition for general 2nd order tensors. Therefore it suffices to 
combine the momentum p a with some second order tensor T?A and get momentum matrices 
to generate translations of the 4 + 16 = 20 component quantity $, 

• = ($,)■ (16) 
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As part of the multicomponent object the four-vector p a has the most general Poincare 
transformations, including translations. Like A, we consider T($) to be a free parameter. 

When needed for calculations we select a well known representation of the Poincare 
algebra with angular momentum and boost generators given by [9] 

. ( rf^b 9 — n^b" \ 

(jp°) = -iy v " +r] Pis°sl _ rp5$5\ + r}P s 8l5j - rj^d^J ) ' ^ 

The momentum matrices of the rep, P M , are jl] 



where e is the antisymmetric symbol and the four constants 7Tj have dimensions of an inverse 
distance. There is another set of matrices that change Tr$\ and leave p unchanged. We 
don't want that. The momentum matrices, displayed above with only the 12-block nonzero, 
change the four-vector momentum p a and leave the tensor 7>$) unchanged. 

Since the momentum matrices P M have nonzero components only in an off-diagonal block, 
the product of any two vanishes and the exponential of a linear combination is linear in the 
P^s. Then the translation matrix for a translation along a displacement 5x is 

exp (-i5x a P a ) = 1 - i5x a P a , 

where 1 is the 20 x 20 unit matrix. Clearly, the translation changes four- vector v a to v' a , 

v ,a = v a + r) aix T aa 5x> x , (18) 

where we abbreviate 

rpaa — -fpa\a rp/3-f 
1 = ~ Z l- r 12j/3 7 J ($) ■ 

A large displacement can be constructed in many ways by various sequences of small dis- 
placements, so over finite intervals the translated four- vector v' may depend on path. Please 
note that parallel translation adds an inhomogeneous term r]T5x to v which for general T 
does not vanish when v vanishes. 

The question arises: What four-vector at x + 5x is equivalent to the four-vector at x? Is 
it the four-vector with the same components or the translated four-vector? We assume it 
is the translated four-vector, so that translation does not produce any innate change to the 
four-vector. 

Parallel Translation of a Four- Vector. The translated four-vector v' is equivalent to the 
original four-vector v. 
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Let v a (s) be a suitably differentiable four- vector function defined along the curve x M (s) 
where the real parameter s changes monotonically along the curve. We define the 'translation 
covariant derivative' by its action on v a (s), 

ds ds a>1 ds 

The change in the four- vector field from one event to a nearby event should not be determined 
by the difference in coordinates, i.e. the derivative, but by this covariant derivative that takes 
into account the changes brought about by parallel translation. 

The next question is: What particle momentum at a nearby event is equivalent to the 
particle momentum at an original event? The answer is the same as above, but in this 
context it is the Dynamical Postulate. 

Dynamical Postulate. A particle in a given eigenstate of momentum p remains in eigen- 
states of momenta equivalent to p as spacetime is translated. 

As the quantum field ip + is translated, i.e. the particle 'moves', its momenta change to 
equivalent momenta. The translation causes the interval 8X{t) obtained in (fT4j) by extreme 
phase change, 50 = p- A5X, to connect with the interval 5X'(r) obtained by a new extreme 
phase change, 50' = p' ■ A5X', where the parallel momentum p' is given by ( |T8| ). 

Clearly, successive intervals create a path X(t) such that the covariant derivative of the 
particle momentum vanishes along the path, DfP a /dr = 0, where p a (r) is the momentum 
at X(t). We have, by (USD, 

p a = r] afl T aa X fM , (Parallel translation) (20) 

where, as throughout, the dot stands for the derivative with respect to the parameter r. This 
is the semi-classical equation of motion. 

The equation of motion preserves the momentum along the path of extreme phase from 
event to event in spacetime. A 'geodesic' has a parallel transferred tangent, while the semi- 
classical motion (|20|) has a related but different notion, parallel translated momentum. 



4 Curved Spacetime 

Consider an event O and adjust the parameters r of all paths of extreme phase X{r) through 
O so that X(0) = xq are the coordinates of the event O. The collection of such paths forms 
the interior light cone at O, i.e. the set of all events that a particle at O could once have 
been at or can ever get to. We assume that pathological values of the arbitrary tensor field 
A are not allowed so that the interior light cone is well behaved. In general the paths X{r) 
are curves, and in this section they find a natural place in a curved spacetime. 
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Much can be deduced from the mass equation, Eq. (CEJ), i.e. r) a/ 3p a p 13 = —m 2 . By substi- 
tuting (1151) . the extreme phase requirement along path X(t), p = mAX, one finds that 

-A^pV = VapA^X^X" = -1 , 

or, by collecting some of the quantities together, 

9tlv X^ = -l, (21) 

where the tensor field g^vix) is defined in terms of the tensor field A(x) by 

g^ = VafiA^ and gT = Tf^A-^Af v . (22) 

In this we assume A has an inverse, so that g^ u has an inverse that we write with raised 
indices, g pa . Since the flat spacetime metric i] a ^ is symmetric, both g^ u and g pcr are symmetric. 
We call g^y the 'curved spacetime metric', a term that will become more and more justified 
as we proceed. 

If, as before in ( ITTj) . we assume that the tensor field A(x) is a field of transformations to 
local coordinates, A^ = d^/dx^, then we have 

n -n a A a AP - r> „ ^ 
- Vafi^A,, - q xV ■ 

By (pT|) and (|22j) . one can quickly show that 

^^ = -1, (23) 

where H(r) is the path of extreme phase in coordinates £ transformed from X(r) by A. 

Because the metric in (|2"31 is the flat spacetime metric r], the transformation A gives 
locally flat spacetime coordinates £. It follows that is locally Lorentzian. Being locally 
Lorentzian is an important property of the metric in general relativity. 

Furthermore, we can transform the path H(r) at the event O at r = to a frame so that 
S(0) has only its time component nonzero, S(0) = {0,0,0, Sq}. Then, by (|23|) . we have Sq 
= 1 and cGq = dr, so we are justified in calling the quantity r the 'proper time' along the 
path X(r) of extreme phase. The parameter r is the time in a local Lorentz frame in which 
the particle is momentarily at rest. 

In general relativity changing g is associated with transforming the coordinates of space- 
time. In this paper the changes are mediated by the tensor field A(x), which is an element 
of the quantum phase in ffTOl) . When A changes, A — > A', the metric g changes due its defi- 
nition: g = rjAA, indices suppressed, and g' = rjA'A'. The coordinates of paths of extreme 
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phase X(t) change because of the requirement gXX = g'X'X' = —1. Then the new tangent 
to a path of extreme phase is X' = A~ X X . When A changes, the metric g and the paths X 
change, but the coordinates x are unaffected. 

Thus the word 'event' looses much of its intuitive meaning. When a change in A changes 
the path X, the particle may not pass through the same events. What happens at an event 
x depends on A. 

Turn now to the particle momentum. Define the curved spacetime momentum p M (r) 
along a path X{r) to be 

^ = mi 11 , 

so that p a = A^p 1 bv (fI5j> . By (EH), one finds that 

g^P 1 ? = -™ 2 • (24) 

Thus the mass m is the magnitude of the momentum p(r) calculated with the metric g. 

Equation ( 120]) mixes the flat spacetime particle momentum p a and the curved spacetime 
quantity X^. [We identify p a as 'flat' and X as 'curved' in part by r] a pp a pP = —m 2 and 
g ilv X iX X v = — 1.] By writing p a in terms of the curved spacetime momentum p^ and substi- 
tuting in (|2"0"|) . we have an equation with the curved spacetime quantities p^ and X^ . One 
finds that 

p^ = mX ^= U- 1 »r 1a „T a °-mAp 1 »-^X x )x 1 ', (25) 

where we have used (fT5l) to write p in terms of X. This is a second version of the semiclassical 
equation of motion f l20l) . 



5 Special Cases 

The equation of motion (1251) has two types of terms; we consider them one at a time. In 
Case 1, we simplify A, A° = 5°. The equations of motion reduce to the Lorentz force law 
for a charged particle in an electromagnetic field. In Case 2 we simplify T, T = 0, and we 
show that the particle path is the motion of a particle in a gravitational field, provided that 
A is a set of transformations to local coordinates £. We put the two cases together in the 
following section. 
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Case 1. Let A®(x) = 5® and, in particular, dA /dx x = everywhere. 
The momentum p a (r) at any proper time r along a path X(t) obeys the mass equation 
(0Q), — m 2 = i] a pp a pP . Take the derivative with respect to proper time. We get 

= --j- = 2 Va pp a pP = 2m Va f 5 A a a X° VXp TP x X» , 
ar 

where we write p a in terms of X a by (H3I) and we write in terms of X p by the version 
(|20|) of the semi classical equation of motion. Simplifying using A" = 5°, we find 

= 2mr ?Q/3 X a r ?Ap T /3A X^ = m (^ij (r^X") (T^ + T Xf3 ) = p m (T px + T A/3 ) , 

by the symmetry evident in the p a factors, where p a = mi] aa X cr . There are enough possible 
momenta p that determine enough possible tangents X M to deduce that T f5X + T X/3 must 
vanish in the well-behaved interior light cone of any event and hence everywhere. It follows 
that T must be antisymmetric everywhere, 

Then the semi-classical equation of motion ([20]) is just the Lorentz force law. [TO] 

p a = qr ] ^F a °X», (27) 

for a particle of charge q in an electromagnetic field F, with T acr = qF acr . 

We identify (|27|) as the Lorentz force law by the placement of force p a , antisymmetric 
field F al3 and particle velocity X. We do not discuss the determination of the electromagnetic 
field from charges and currents. [TT] 

Let us now consider the other type of terms in the equation of motion (1231) . 

Case 2. Let T aa = 0, so that the equation of motion ([23]) reduces to 

X v = -Af u —^X x X fl = — Aa 1 " -r + !p X X X» = -CX U X X X P , (28) 
p dx x 2 \ dx x dx» ) Xfl ' v ; 

which defines C. We want to relate C to the Christoffel connection of the metric g. 
The Christoffel symbol of the first kind is defined to be p2] 

[P,Pl ~ 2 \dx" dx» dxP ) • 
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By the definition of the metric g in terms of the tensors A in ( 12211 . i.e. g 
manipulate the Christoffel symbol of the first kind to show that 



r\ AA, one can 



1 



p] = QpaC* + - 



A\ 



dx u 



d_A£ 
dx p 



+ A< 



'9A? 



0< 



Q x fl Q x p 



Looking at this, we see that C is the Christoffel connection when the terms in parentheses 
vanish, i.e. when 

dAf _ dAl 



dx u dx p 

But this is just the integrability condition needed to find functions £^(x) so that 



At 



dx h 



We recognize the local coordinates assumption first introduced above in (TTTT) . 

Thus, when A is a field of transformations to local coordinates, the quantity C is the 
Christoffel connection of the metric g, 



pa 



g p ° K P \ = »— 



'dg 



dx 



sip _|_ 9g vp 



dg, 



dx^- dx p 



Then the equation of motion reduces to 



-C^X X X» 



which is the general relativistic equation for the path of a massive particle in the gravitational 
field associated with the metric g. 

As in Case 1, we identify the equation as the equation of a particle in a gravitational field 
by the placement in the equation of the acceleration X, connection C and velocity X. We do 
not discuss the relation of the gravitational field to its sources, i.e. the energy, momentum 
and angular momentum of matter. [TTj 

Multiplying the semiclassical equation of motion ( 12 8 j) in this case by A, i.e. AX = 
—AA' 1 (dA/dx) XX, indices suppressed, put both terms on the right side, and write out 
the derivatives with respect to proper time r (replace the dots), we get that 



= A' 



d 2 X v dA a u dX x dX u d£ a d 2 X v 



d 2 r 

or, with dots, 



+ 



dx x dr dr dx u d 2 r 



+ 



d 

dr 



dx 1 



dX v _ d {d£ a dX^ 
dr dr \ dx v dr 



d 2 E a 
~dP 2 ~ 



(29) 
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for the path of extreme phase 5(r) transformed by A from X(t). This is the equation for 
force free, acceleration free motion, i.e. free fall. Free fall in the local system of coordinates 
£ occurs here with T acr = 0, which in view of Case 1, means that gravity is the only force 
acting on the particle. 

Therefore, when A is a field of local coordinate transformations, we have derived the 
Principle of Equivalence, which states that under the influence of purely gravitational forces 
there exists a freely falling coordinate system £ Q in which the equation for the path S Q (r) of 
the particle is the equation for a straight line, 2" = 0. [13] 

6 Combined Electromagnetic/Gravitational Motion 

In the special cases of the last section, the T term on the right in (1251) is the electromagnetic 
Lorentz force term and the term with the As is gravitational. Now, in the general case, let 
us see how to combine the two cases. 

Let us assume in this section that A is the set of local transformations A^ = d^ a /dx^ 1 
from X to local coordinates £; we assume that ( TT2"1) holds. 

The A terms are fine as is. The collection of As and their derivatives that define C in 
fl28|) do not depend on T and do not change simply because T no longer vanishes. The steps 
in Case 2 above still show that C is the Christoffel connection of g. 

The T term in the semiclassical equation of motion (|25|) needs attention. We want to 
have the following form for the equation of motion (1231) . 

mX u = qg^F^X" - mC;i A I" , (30) 

where we have substituted 

K Xv ihiF a " = ia*vF", (3i) 

q 7^ 0, and where F is now a free tensor field. 

We ask: Must F be antisymmetric here as it was in Case 1 above? As in Case 1, 
antisymmetry and the proper placement of acceleration and velocity in the equation of 
motion are the only requirements needed for us to identify F as the electromagnetic field. 

Since C is the same as it was in Case 2, the work leading to (1291) can be adapted here. 
We multiply (1301) by A@ and note that the quantity mAX + mACXX equals mS. We get 

mE a = A«qg all F™Xr 

Next, take the derivative of (1231) with respect to proper time r, i.e. d(r]'EE)/dr = d(—l)/dr 
= 0, and we find that 

= 2 Va pE a EP = 2 Va p (A a p Xt>) (Aiqg^F^Xv) . 
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Now make rjAA into a g, and we get 

= 2q (g pu X") (g^X") F v ° = 2p u p a F™ = p v p a (F™ + F au ) 



where p M = g^p" = g flu mX u . There are enough possible particle momenta p to determine 
that F vu + F uv = 0. Thus we have shown that F is antisymmetric, 

F va = -F uu . (32) 

Since F must be antisymmetric, we identify it as the electromagnetic field. 

Thus the semiclassical equation of motion (|25p is the equation (I3"U|) for the classical path 
of a particle of mass m and charge q in an electromagnetic field F va and in the gravitational 
field due to the metric g^ v . The electromagnetic field F ua is related to the tensor field T by 
( )3T|) . The tensor field T is part of the parallel translation rule for four- vectors in ( TT8|) . And 
the metric g^ u is related by (1221) to the tensor field A which is part of the quantum phase 
found in (fTU|). 

We can now follow standard treatisesfHl and introduce the 'covariant derivative' of X as 



DX U 

e X v + C V ^X X X» . (33) 



(It 

Then (|30l) can be written in terms of 'covariant' quantities. One has 

DX U q 



g a pF va X». (34) 
ar m 

This equation is well known to be covariant, having the same same form when the metric g is 
transformed to some other metric g' . [6] And transforming g^ v = rjapA'^A^, entails replacing 
the field A. The freedom to choose A, see ([9]), arises from the arbitrariness inherent when 
allowing the operators and states to be translated through one displacement 65 while the 
field is translated through a possibly different displacement b. General covariance is thus 
grounded in the scattering of displacements among the fields and states of quantum theory. 

The work here is founded on special relativity and quantum mechanics. It is remarkable 
that the derivation of aspects of quantum field theory can be adjusted to obtain the semiclas- 
sical equations of motion for a massive, charged particle in electromagnetic and gravitational 
fields. It is widely accepted that electromagnetic and gravitational forces are the only two 
long range forces. And it is just these two forces that this process produces. 
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